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Aerospace Plane Guidance Using Time-Scale Decomposition

and Feedback Linearization

Mark A. Van Buren and Kenneth D. Mease
Princeton University, Princeton, New Jersey 08544

Single-stage vehicles using air-breathing propulsion hold promise for more economical delivery of payloads to
orbit. Feedback guidance logic is developed for steering and accelerating such a vehicle along the super- and
hypersonic segments of a near-minimum-fuel ascent trajectory. Accurate solutions of the minimum-fuel ascent
problem show the effects of dynamic pressure, acceleration, and heating constraints and establish a basis for the
development and assessment of guidance logic. The two-time-scale behavior in the optimal solution allows the
state space to be decomposed into a control-dependent slow manifold and a family of fast manifolds. Near-op-
timal guidance is obtained by constructing a composite control law from the control for flying the minimum-fuel
reduced-order trajectory on the slow manifold and a control for tracking the optimal reduced-order trajectory.
The tracking problem is solved as a family of regulation problems corresponding to the family of fast manifolds,
using the feedback linearization methodology from nonlinear geometric control theory. A complete characteri-
zation is given of all state transformation-static feedback pairs that lead to exact linearization of the fast

dynamics. Simulation shows that the composite control law produces a near-minimum-fuel ascent.

Introduction

HE term ‘‘aerospace plane’’ is used in this paper to refer

to a class of horizontal takeoff single-stage-to-orbit vehi-
cles, distinguished by the use of primarily air-breathing en-
gines to accelerate to orbital velocity. The anticipated advan-
tages of such a vehicle are the operational flexibility of
horizontal takeoff, the operational simplicity of a single stage,
and the propellant mass reduction that results from using
air-breathing engines. The effective use of air-breathing en-
gines leads to lower altitude ascent trajectories compared to
those of the Space Shuttles. Higher dynamic pressures, higher
skin surface temperatures, and higher acceleration loads re-
sult.! The aerospace plane presents a challenging problem for
guidance logic development. The guidance logic should lead to
near-minimum-fuel orbit insertion, while ensuring that the ve-
hicle does not transgress its flight envelope as defined by a set
of prescribed constraints on dynamic pressure, acceleration,
and heating.

This paper documents the development and evaluation of a
concept for guiding the ascent of an aerospace plane through
the atmosphere and into orbit. Our objective is to develop
feedback guidance logic that leads to near-minimum-fuel as-
cent without violating any state or control constraints and that
has modest computational requirements that are within the
capabilities of an onboard computer. Only the super- and
hypersonic segments of the atmospheric trajectory are consid-
ered, employing the point mass equations of motion in the
vertical plane. We assume that the full state is available for
feedback and do not directly address the issue of robustness.

We begin by formulating the minimum-fuel ascent problem
and describing the aerodynamic and propulsion models for the
aerospace plane that are used to obtain quantitative results. By
use of a numerical optimization procedure, the ascent trajec-
tories that minimize the propellant mass required to achieve
orbit, while not violating vehicle dynamic pressure, acceleration,
and heating constraints, are characterized. Benchmark mini-
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mum-fuel ascent trajectories for increasingly restrictive con-
straints are obtained, and their salient features are described.

We approach the guidance problem from a geometric per-
spective.?3 Because of the two-time-scale nature of the dy-
namics, we view the state space as being composed of a con-
trol-dependent slow manifold and a family of fast manifolds.
Figure 1 illustrates the geometric two-time-scale decomposi-
tion viewpoint. A feedback control is derived by separately
designing a slow control for the dynamics on the slow mani-
fold and a fast control for the dynamics on the fast manifolds
and then combining them.

The slow control is designed by solving the minimum-fuel
ascent problem on the slow manifold. The resulting optimal
trajectory on the slow manifold is an approximation to the
minimum-fuel trajectory obtained in the complete state space
using the full-order dynamics. An exact decomposition of the
dynamics cannot be obtained; thus, an asymptotic expansion
in the time-scale ratio is employed to determine an approxi-
mate slow manifold. The optimal reduced-order solution on
the approximate slow manifold is compared to the benchmark
trajectories and is shown to be an accurate approximation.
Moreover, the procedure for determining the reduced-order
minimum-fuel trajectory and controls is greatly simplified
compared to that for the full-order problem and would proba-
bly be suitable for onboard real-time guidance. Composite
feedback control based on a zeroth-order approximation to
the slow manifold leads to a good approximation of the mini-
mum-fuel ascent trajectory but requires relatively high gains in
the fast feedback controller. An improved first-order approxi-
mation to the slow manifold is shown to yield accurate guid-
ance with moderate fast feedback gains.

Stabilization of the dynamics along the fast manifold is
achieved by applying linear state feedback to the exactly lin-
earized fast dynamics. A complete characterization of the
nonlinear state transformation-static feedback pairs that ex-
actly linearize the nonlinear dynamics on the family of fast
manifolds is obtained, independent of the order of the slow
manifold approximation.

There have been numerous applications of the two-time-
scale approach to flight mechanics problems.*> The first ap-
plication of this approach to the aerospace plane ascent opti-
mization and guidance problem was by Corban et al.%” Their
analysis of the reduced-order minimum-fuel solution on the
slow manifold has provided considerable insight into the fea-
tures of the optimal solution. Sauvageot et al.® have utilized a
similar approach for the aerospace plane ascent problem. In
neither case were the time-scale decompositions validated by
comparison of the solutions with accurate solutions for the
full-order problem. We provide evidence that the time-scale
decomposition proposed by Corban et al. is valid. Regarding
the design of the fast control, Corban et al. have considered
the optimal control problem on the fast manifold and shown
that the optimal control (in this case the lift) cannot be ob-
tained in state feedback form. They then used a particular
state transformation-static feedback pair to exactly linearize
the dynamics on the fast manifold and subsequently designed
a regulator via pole placement. We take a more general ap-

Fast Manifolds

Fig. 1 Schematic representation of the geometry of the transversal
intersection of the fast and slow manifolds in 4D state space.

proach to the feedback linearization of the dynamics on the
fast manifold and, as a result, identify all state transforma-
tion-static feedback pairs that lead to exact linearization. This
added flexibility proves useful in developing a simplified, po-
tentially more robust, near-optimal guidance concept.

The natural combination of two-time-scale decomposition
and feedback linearization methodologies has been applied to
other flight mechanics problems by Menon et al.,’ Snell et
al.,'? and Singh.!' Meyer et al.'?> and Lane and Stengel"? ap-
plied feedback linearization to the aircraft rigid-body dynamics.

Aerospace Plane Model
Equations of Motion

The translational motion of the vehicle mass center is as-
sumed to be governed by the dynamic equations for flight over
a spherical (Ryz), homogeneous, nonrotating Earth. The grav-
itzational acceleration is given by the inverse square law g = u/
r°. Furthermore, the ascent trajectory is confined to a great
circle plane; that is, the heading is fixed and the bank angle is
not a control variable. The equations are!*

Ei_V_ Tcosa—D &sin (1a)
dr m p2 oy a
d L+ Tsi V2
_ZZ__EEBL(%__)EEZ (1b)
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where, as usual, L = C;gS,s and D = CpgS,;, With g =
12 p V2, the dynamic pressure. The atmospheric density p is a
function of the altitude # = r — Rg. The propulsive force and
specific impulse are given by

T( V, h9 Nab>s Th) = nabTmaxab(Vs h) + anmax, (23)
Isp(V, h, Nab> nr)

nabTmaxab(V’ h) + anmax,

Mab Tmaxab(V’ h)Isp, + 7, Tmax,lspab( V,h)
(2b)

=1y, (V. h)lspr

where 5,, and 7, are the throttles for the air-breathing engine
and the rocket engine, respectively. A throttleable rocket is
necessary for maneuvering outside the atmosphere and can
also be used to provide thrust in the higher regions of the
atmosphere. Note that the specific impulse of each individual
propulsion mode is assumed not to be affected by throttling of
the corresponding engine.

Vehicle Modeling

The gross takeoff weight is estimated to be 300,000 1bf, of
which ~60% is fuel. The overall length of the vehicle is 233.4
ft, and its aerodynamic reference area is 6000 ft>. Trimmed
values for the overall lift coefficient C; and drag coefficient
Cp as functions of Mach number M and angle of attack o are
obtained from an available hypersonic vehicle model.!?

The air-breathing engine for an aerospace plane is expected
to be capable of several distinct propulsion modes, each suited
to operate over a specific speed range. Our propulsion model
consists of a ramjet with either subsonic or supersonic com-
bustion. The air-breathing modes are mutually exclusive. The
model, based on a one-dimensional thermodynamic analysis,
provides maximum thrust Tp,,, and the corresponding fuel
specific impulse I, .'¢
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Minimum-Fuel Ascent to Orbit

The minimum-fuel ascent problem is to determine the tra-
jectory and required control histories that lead to a specified
low Earth orbit, not to violate the state and control con-
straints, and maximize the mass inserted into orbit. The con-
trols are the throttle settings #,, and %, and the lift L (or,
equivalently, the angle of attack «).

Initial and Final Conditions

The minimum-fuel ascent is assumed to commence after an
initial climbout and acceleration phase. The initial point of the
minimum-fuel ascent coincides with the switch to the ramjet
propulsion mode. The mode switch is estimated to occur at
M; =3.0 and a commensurate altitude, determined by the
initial dynamic pressure g; = 2,000 Ibf/ft>. The mass at the
end of the initial climbout m; is assumed to be 8703 slug
(W; = 280,000 Ibf). The initial flight-path angle v; is taken to
be zero.

The final conditions are determined by the requirement that
the vehicle is to be inserted into a circular low Earth orbit
(LEO) beyond the sensible atmosphere. The radius defining
the boundary of the sensible atmosphere R, should be large
enough that the burnout conditions are reached before exiting
the atmosphere. In that case, the motion beyond the sensible
atmosphere will be Keplerian.

After exiting the atmosphere, the vehicle must be on an
elliptical transfer orbit with apogee distance r go, the altitude
of the target low Earth orbit, to minimize fuel consumption. !’
This imposes a final condition on the state at the edge of
re=Ryu:

Ve

Vieo

= K

3

where Vigo is the circular speed in the final low Earth orbit,
and k = rLEO/re > 1.

Performance Index

Minimum-fuel trajectories are determined by maximizing
the mass inserted into a circular orbit at rygo:

V, — Vi
J = mygo = M, exp <————L£‘—)> @
8olsp,

where V, = (1/x)V,cos v, is the velocity at the apogee of the
transfer orbit.

State and Control Constraints

The ascent to orbit using air-breathing propulsion is con-
fined to a severely restrictive ascent corridor determined by
heating, structural, aerodynamic, and acceleration constraints.
A detailed knowledge of the vehicle is required to specify the
constraints precisely. For our purposes the following con-
straints are used. The dynamic pressure is limited by

qg= I/Zp Vi< Gmax (5)

The axial and normal load factors in the body axes system are
limited by

T — R cos(a + )

q= —"-——""-

= Gmax (62)
mg,

R sin(a + 8)
n=——" <.\ (6b)
mg,

where R = VL? + D? is the resultant aerodynamic force, and
tan 6 = L/D. The approximate stagnation point convective
heating rate is limited by

Q = K\/_f; V? = Qmax @)

Optimal Trajectories and Controls

The trajectory optimization problem is (approximately)
solved using the Optimal Trajectories by Implicit Simulation
(OTIS)!® computer program. The approach on which OTIS is
based is to formulate the optimal control problem as a con-
strained nonlinear programming problem using implicit inte-
gration of the trajectory by a collocation method. The states
along the trajectory as well as the controls are represented by
cubic splines. The appeal of this approach lies in that it can
readily accommodate state and control constraints.

Numerical solutions are obtained for a circular target low
Earth orbit at an altitude of 100 n.mi. with the sensible atmo-
sphere reaching to an altitude of 354,000 ft and conforming to
the U.S. 1976 Standard Atmosphere. The corridor constraints
are Gmax = 2000 1bf/ft?> and Q.. = 400 Btu/ft*/s. The maxi-
mum sustainable axial load is put at +1g,. The maximum
normal load is set to be +3g,. The constant of proportional-
ity in Eq. (7) is taken to be K = 2.058 - 108, with Q in Btu/ft?/
s, p in slug/ft?, and V in ft/s.

The three optimal ascent trajectories shown in Fig. 2 illus-
trate the effects of the constraints. The first trajectory is sub-
ject to a dynamic pressure constraint (g =< 2000 Ibf/ft?) only.
Note that the optimal trajectory in this case consists of track-
ing the dynamic pressure constraint up to final climbout. The
second trajectory shows the effect of introducing an addi-
tional constraint on the axial load factor (¢ < 1g,). The ascent
is flown at full throttle. Adjustment of the thrust level to meet
the axial load constraint is achieved by using lift to increase
the altitude above that imposed by the dynamic pressure con-
straint. The final trajectory reflects the effect of the addition
of a heating rate constraint (Q = 400 Btu/ft?/s). Note that the
optimal trajectory at high speeds is off the dynamic pressure
constraint boundary and on the heating rate constraint
boundary.

Guidance Law Design
Two-Time-Scale Decomposition of State Space and Composite Control

The aim of a two-time-scale decomposition of the state
space into slow and fast modes is to allow separate (and
simplified) design of feedback controllers for the respective
modes, which can then be combined to form a composite
feedback controller for the full-order dynamics. The two-
time-scale decomposition is predicated on identifying small
terms in the equations of motion, which are subsequently
parameterized by the scalar ¢, 0 < € < 1, representing the ratio
of speeds of the slow and fast modes (e = /7).

Transformation to the Standard Two-Time-Scale Model

Corban et al.%” have proposed a two-time-scale decomposi-
tion of the ascent trajectory dynamics in which the classical
energy state approach®? is modified to account for the chang-
ing mass. Their method is based on the observation that for
the aerospace plane both the fuel flow and axial load factor
are relatively small. After introduction of the additional sim-
plification that the thrust is aligned with the velocity, the
dynamics are brought into their standard singular perturba-
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Fig. 2 Full-order optimal ascent trajectories.
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tion form on the slow time scale (¢ = er) through the definition
of the specific energy E = V?/2 — u/r and the state transfor-
mation (V, m, r,v)"— (E, m,r,v)". Note that thrust-velocity
alignment is only introduced to simplify the presentation;
subsequent developments can be readily carried out for the
more general case.”>'¢

dE _ V[T — D(L)]
dt m d
X
— = flx,z,u) (8a)
dm _ T ds
dt a gEIsp
S
dr s )
€y sin y 5
z
e— =gx,z,u) (8b)
dy _ L <_e E)cosv o
dr ~ mVv r? r Vv

where V is now viewed as a function of £ and r, and u =
(L, a5, 1,)7. The presence of e suggests that the rates of
change of r and v are much faster than those of E and m (by
a factor of 1/¢). As e — 0 the rates of change of r and v tend
to infinity, when viewed on the slow time scale, unless g = 0,
whereas the rates of change of E and m remain finite. Viewed
on the fast time scale, using d/dr = e(d/d#), the rates of
change of E and m tend to zero as ¢ — 0, whereas the rates of
change of r and v remain finite. The system dynamics clearly
evolve on two separate time scales for ¢ < 1; i.e., the equa-
tions of motion are in the form of a two-time-scale system and
as such are amenable to the aforementioned composite feed-
back design approach.

Geometric Characterization of the Two-Time-Scale Decomposition

A two-time-scale decomposition is geometrically character-
ized by the existence for ¢ = 0 of an isolated smooth control-
dependent slow (or equilibrium) manifold and a family of
smooth control-independent fast (or conservation) manifolds
that are transverse to the slow manifold.'®

In the limiting case e =0, r and vy equilibrate instanta-
neously in response to changes in £, m, and the control L, if
viewed on the slow time scale ¢. In this case, for a given feed-
back control function L (x, z), the trajectory evolves on a 2D
slow (or equilibrium) manifold $Z defined by

8L = {(E,m,r,y): Vsiny=0&

L &
L _<£___>cos'Y :0} ©)
mv 2 r V

where the superscript L indicates the dependence on the lift
control. As a result, on a slow manifold y and L can be
expressed in terms of E, m, and r. Specifically,

Yo =0 (10a)
VHE,, o)
L, = mg<% - ——r——"> (10b)
o o

where the subscript o indicates the value on the slow manifold
for e = 0. In other words, flight at any point on 8% is level with
force equilibrium normal to the flight path. Substituting the
expression for L, into Eq. (8a), one obtains a second-order
dynamic system that dictates the evolution of E and m on Sé y

with rtreated as a control (replacing L) in addition to 5,, and
7,. [Equivalently, one could solve Eq. (10b) for r,, substitute
the result into Eq. (8a), and obtain a second-order system for
E and m with n,,, 7,, and L as the controls. However, this
approach is not as convenient for carrying out the subsequent
calculations.]

In the limiting case ¢ = 0, and viewed on the fast time scale,
the energy and mass are constant and the dynamics of r and
evolve on a 2D fast (or conservation) manifold (a plane):

FEomo = ((E, m, r,y): E=E, & m =m,) 11)

The condition that the family of fast manifolds is transver-
sal to the slow manifold allows for a local decomposition of
the state space into fast and slow modes, along the respective
manifolds. It has been verified' that & and FE-"° are indeed
transversal at any point (£,, m,, r,, v,) whenever

aL V(E,, r,)? oL

— < my—— an —

ar r; dy
In the case € # 0, it can be shown that for small enough ¢ the
geometry of the two-time-scale decomposition is preserved.?
The slow manifold S is an invariant manifold: once the state
is on it, the state remains on it. This requires the z evolution

along the slow manifold to match the z dynamics. Let the slow
manifold for e # 0 be described by

Z :s[x, us(x, 6)3 6] (12)

The manifold condition, matching the z dynamics to the z
evolution, is

dz _ <§+
Edt_ ax

= glx,s(x, us, €), ug] 13)

as du,
0. ox flx, s(x, ug, ), u)

After introducing the ‘‘true’’ fast variable y =z — s(x, u;, €),
the system dynamics can be rewritten as

%=f[x,S(x, Ug, €) + 1, ul (14a)

d
Ed_1t1:g[x’S(x, us, 6)'*_"'Ia u]_g[xys(x9 U, E), us]

as s du
“e<a +6_usa£> flx,s(x, us, o +n, ul

— flx, s(x, us, €), usl} (14b)

where u = u, + Au, and Au =0 along the slow manifold.
Note that in terms of x and », the slow manifold is described
as p=0.

Composite Feedback Control
For sufficiently small e the dynamic behavior of the system
is characterized by rapid motion along the fast manifolds,
involving ¢, combined with a more leisurely slide along the
slow manifold, involving x. This two-time-scale decomposi-
tion permits the use of a composite feedback control of the form
u = ug(x) +us(n) and uf (=10 15)
where the slow and fast feedback control can be designed
separately. When the fast dynamics are stable, or stabilized by
feedback,  will rapidly approach zero; i.e., the state will
rapidly approach the slow manifold. In that case the slow
dynamics can be adequately modeled as

dx

dt: [x,s(x,us,e),us] (16)
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discarding any influence of the fast variables on the slow
dynamics. Likewise, it is convenient to approximate the fast
dynamics by only retaining the dominant, i.e., ©(e°), contri-
bution:

dy .

FPa | fx, slx, us(x), €] + 9, us(x) + uf (n)}

— glx, slx, us(x), €], us(x)} (17)

Employing the composite feedback control of the form of
Eq. (15) renders the slow manifold Eq. (12) a function of the
slow state x only: s[x, u,(x, €), €l =5(x, €¢). Obtaining a
closed-form solution for s from the manifold condition will
generally be impossible. Instead, the graph s of the slow man-
ifold and the slow component of the control u, are approxi-
mated by truncated asymptotic series in e:

shx, u;(x, €), €] =5, (x) + e5,(x) + Es5,(x) + -+ (18a)
ug(x, €) = u,(x) + euy(x) + ur(x) + --- (18b)

Substituting these power series in the manifold condition and
equating like powers in ¢, one obtains, to first order in e,

0=2g(x, s, u,) (192)
ds, ag 9,
aqf(x, Sos Up) = Ez- Sg"SI + a—i Szaul (19b)

which are solved for the zeroth and first-order terms, respec-
tively. Satisfying the manifold condition to higher order in ¢
enables one to refine the approximation for s(x, €) and u;
(x, €) to any order.??
Composite feedback control is applied to the ascent trajec-
tory guidance through the decomposition of the lift feedback:
L =LJ(E,m)+ LfE’ " (Ar, AYy), Lf"”(O, 0)=0 (20)
where Ar =r —r; and Ay =+ — v,. E and m appear as pa-
rameters in the fast feedback control. The design task of the
slow controller L (E, m)is to control the slow dynamics along
the slow manifold [Eq. (16)] to minimize fuel consumption.
The task of the fast controller is to ensure the time-scale
separation and render the slow manifold asymptotically sta-
ble. The throttle settings 7., and 5, do not appear in the fast
dynamics due to the thrust-velocity alignment assumption.
Hence, both 7,, and 7,.only have a slow component; the op-
timization along the slow manifold completely determines the
throttle settings. The composite control achieves near-optimal
performance up to the terminal climbout phase. Guidance for
the terminal phase is not considered in this paper.

Minimum-Fuel Slow Control

Our purposes in this section are to determine the minimum-
fuel trajectory and controls on the slow manifold, which will
be referred to as the reduced-order solution, compare them
with the results obtained for the full-state optimization, and
thereby assess the validity of the time-scale decomposition and
the composite control design methodology.

Zeroth-Order Slow Control

By changing the independent variable from time to mass
(which is strictly monotonically decreasing under the reason-
able assumption that no coasting occurs during the ascent),
application of the minimum principle can be shown to lead to
the following control logic for minimizing the fuel consump-
tion: i

Tos Nab,s Nr, = Arg max (21)

75 Mabs r

{V[T - D(L)] gElsp}
m T

at each point (£, m) along the reduced-order optimal trajec-
tory, where the lift is specified by Eq. (10b).

Since the throttles appear linearly in the slow dynamics, the
throttle logic will be bang-bang. The optimal throttle logic in
the unconstrained case is

M Iy, =Ly, Tab, = 1
(Ia) El,, =1, u, =0
(Ib) El,, <I, n, =1
22
an Iy > Iy, 1, =1
(11a) Ely, =1y,  fap, =0
(11b) Ely < Ip,  fap, =1

where Ely, = [(Tnax — D)/ Thax} I is the effective specific im-
pulse. The completely singular case, i.e., the case where both
nap and 7, are allowed to take on intermediate values, can be
ruled out under the assumption that I, > 0. Moreover, it can
be shown, using the generalized Legendre-Clebsch condition
that the partially singular case, i.e., the case where only the
secondary throttle is allowed to take on intermediate values, is
nonoptimal. Case (I), where the specific impulse of the air
breather is higher than the rocket I, is the case of primary
interest. Conditions (Ia) and (Ib) are a consequence of the fact
that it is optimal to use the rocket to provide additional thrust
only if the total effective specific impulse will be increased by
doing so. The optimal altitude r, is subsequently determined
from Eq. (21) using the appropriate throttle settings and the
restriction

Rp <r, < rpx=min(—u/E, R,)

The introduction of a dynamic pressure constraint and a
stagnation-point heating rate constraint leads to an implicit
lower bound on the altitude. This is because, for fixed E, both
g and Q are functions of altitude only. Observe that the throt-
tle switching logic is unaffected by the presence of either a dy-
namic pressure or a heating rate constraint.

The introduction of an axial load constraint may in princi-
ple lead to an optimal throttle setting at intermediate values
whenever the constraint is active. However, we have found
that for maximum thrust levels up to 2.5 times the ones used
in this paper, fuel optimal flight along the axial load con-
straint is achieved at full throttle.

The global altitude optimization consists of a coarse search
over the permissible altitude range, as determined by the con-
straints, to bracket candidate maxima, followed by a local
gradient ascent. Comparison of the local maxima determines
the globally optimizing altitude.

The throttle switching logic [Eq. (22)] agrees with that
derived by Corban et al.” in their common domain of appli-
cability; it includes the situation in which the air breather has
become less efficient than the rocket, but considers a less
complicated propulsion model.

First-Order Slow Control

Clearly, whenever r, is not constant, the approximation
v, =0 is not a good one. A better estimate of the flight-path
angle can be obtained by including the first-order correction as
computed from the manifold condition. Equation (20b) leads
to

aro dE, aro dm
———4+——2=V, 23
OE dr om ar oM (232)
and
Li=mV2/ri)r (23b)
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Observe that Eq. (23b) corresponds to the first variation of
Eq. (10b), identifying L, with 8L, and r, with ér, (note that
this is generally not the case). Now take into consideration
that the zeroth-order optimization implies that, to first order,
no performance gains can be obtained by perturbing r from r,
when r and L are related by Eq. (10b). Since the first-order
corrections r and L, coincide with the first variations of r,
and L,, they must necessarily be zero: r; =L, =0. Hence, the
first-order approximation to the slow manifold is r, =r, and
s =v1. The first-order approximate slow control is Ly =L,.
The partial differentials in Eq. (23a) necessary to evaluate v,
are determined by finite differencing.

Corban et al.” have obtained results similar to ours, includ-
ing the use of a flight-path-angle correction, to improve the
accuracy of the reduced solution. Here we have shown this
improvement to result from the systematic development of a
first-order approximation to the slow manifold.

Numerical Validation of Decomposition Geometry

The validity of the time-scale decomposition has been as-
sessed by a direct comparison of the optimal trajectories on
the slow manifold with the corresponding optimal trajectories
obtained using OTIS. In Fig. 3 a (first-order) slow manifold
approximation is plotted beside its counterpart computed with
OTIS. All three constraints are enforced along both trajecto-
ries. Observe the excellent agreement between the two trajec-
tories, apart from the terminal phase. Further study of the
terminal phase is warranted. In particular, it is of interest to
adequately incorporate the final conditions leading to inser-
tion into orbit.

Stabilizing Fast Control

To obtain a fast control law that is optimal and stabilizing
(i.e., that forces the fast state to the reduced solution), one
may try to solve the optimization problem for the family of
fast manifolds that arises from a formal boundary-layer anal-
ysis. This approach has been pursued in Refs. 6, 7, and 20.
" However, it has been shown that this does not lead to a control
law in feedback form.

An alternative approach is to design a nonoptimal feedback
control law that will stabilize the fast dynamics. The control
law must generate a flow on the fast manifold so that the
intersection of the slow manifold (2D) and the appropriate
fast manifold (2D) is an asymptotically stable equilibrium
point, for e = 0 (see Fig. 1). In that case, the slow manifold
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Fig. 3 Comparison of the reduced-order (slow) optimal ascent tra-
jectory to the full-order optimal ascent trajectory.

will be a stable manifold for small enough e. If the fast dy-
namics are truly fast, any stabilizing control law will be near-
optimal, since most of the flow transversal to the fast mani-
folds will occur near the optimal reduced solution.

The methodology followed here to obtain stabilizing feed-
back controllers is to exactly linearize the fast dynamics using
feedback linearization and then to stabilize the linearized dy-
namics using linear (static) feedback. Full-state feedback is
assumed.

Feedback Linearization of the Dynamics on the Fast Manifolds

The dynamics on the family of fast manifolds are described
by a control-linear single-input system:

d
2= at)+ by 24)
ds
with
V sin vy — Visin v,
a(yp = s VP\cosy L (e LSZ COS s
rr r) v mV, r2 o) Vv,
0
Ar
bp=| 1 |, 7= , (25)
- Ay
mVv

u=L=LJ(E, m)+LF"(Ar, Ay)

where r = r; + Arand y = y; + Ay, and, as a matter of conve-
nience, the total lift L has been designated as the control
variable instead of, more formally, only its fast part LfE"”.
The fast dynamics can be exactly linearized using a nonlinear
coordinate transformation and nonlinear static feedback, if
and only if there exists a (distinguished) output function
y = h(y) such that the system has relative degree n =2 (see
Isidori?'). It can be readily verified that, for cos vy # 0, any
strictly monotonic function of Ar constitutes a distinguished
output function and as such defines a nonlinear state transfor-
mation-static feedback pair that transforms the fast dynamics
into its Brunovsky normal form: a second-order linear system
with a double integrator open-loop transfer function.'® A
proportional-derivative (PD) controller kp (1 + kps) plus neg-
ative feedback can subsequently be applied for pole place-
ment. The gains kp and kp can be selected to give satisfactory
dynamic behavior on the fast manifolds. In particular, the fast
dynamics should be asymptotically stable and truly fast com-
pared to the slow dynamics.

For a given distinguished output /4 (Ar) the linearizing feed-
back can be found by differentiating twice:

y = h(Ar)
d ah
d—)r) = A (V siny — Vsin )
dy h . .
13 = A (V sin y — Vsin vy)?

oh oh
NI Z. Z(VS”W_ Vssin ys)sin y + A

L p V¥\cosy Ly
% mV r? r Vv mV,

15 :
+ <ﬁ2 - 4)@} Vecosy=» (26)

5
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and solving for the control L:

m w2 m
L = x| |= - —)cos’y +—
cos vy [ <r2 r > L7

. . . L,V
X (Vsiny — Vsinyg)siny + —— cosy
m V

p VAV h?
-5 - VSCOS’ySCOS’y—W

rS rS
X (V siny — Vsin v5)? + L} 27
0
where
oh 3*h
o = 22 d h@ =
AAr an dAr?

Clearly, L can be solved in terms of » only if (cosy)/m #0
and A # 0; i.e., his a distinguished output. Note that the fast
dynamics are feedback linearized without any assumptions
regarding the accuracy of the slow manifold approximation.

Altitude Controller

An obvious choice for the distinguished output is the alti-
tude r = r; + Aritself.” In that case A =1 and h® = 0, and
one obtains

m P V2 5 u . .
L = X = — —Jeos?y + —— (Vsiny — Visinvy;)
cos vy r r Vr
Xsiny+ ——cosy— |- — =]~ cosy,cosy
s rs rS s
+ k,(rs —r) + kpkp (Vsin y, — V sin 7)} 28)

Dynamic Pressure Controller

Alternatively, one may choose dynamic pressure as the dis-
tinguished output. Note that on the fast manifolds the dy-
namic pressure is a strictly decreasing function of the altitude
only, when density is assumed to be a function of altitude
only:

h(Ar)=gq = l/sz2=p(r)<E +§> (29)

RO = — <qB + %p>
o) )
dr r r

where 8= —(1/p) (dp/dr) is the inverse scale height for an
exponential density approximation. Substitution into Eq. (27)
leads to a nonlinear feedback control law that tracks the dy-
namic pressure along the slow manifold. When the reduced-
order solution is on the dynamic pressure constraint, g, =
Gmax> the dynamic pressure controller will have a constant
reference signal.

(30)

Stagnation Point Heating Rate Controller

In a similar fashion, by observing that the approximation of
the stagnation-point heating rate in Eq. (7) is also a strictly

AEROSPACE PLANE GUIDANCE

decreasing function of altitude only on the fast manifolds, one
can obtain a linearization with Q as a distinguished output:

372
h(r)y=Q =KVpV?= zﬁKVp(r)<E +%> / Gh

Level Axial Load Factor Controller
Another interesting alternative is the level axial load factor,

defined as
Tm X D Vi
a (r) _ < a: le el> (32)
mg,

where the drag is determined from the level flight condition.
The axial load factor itself cannot be used as a distinguished
output, since it contains the control L (as distinct from L,
which is a function of E and m). The level axial load factor is,
however, a function of the altitude only at each (£, m) pair.
Furthermore, over the altitude range of interest, it is a strictly
decreasing function of the altitude. The level axial load factor
is a good approximation to the true axial load factor for small
enough deviations from the slow manifold. It therefore seems
reasonable to regulate the axial load factor via control of the
level axial load factor.

Ascent Trajectory Guidance Using
Composite Feedback Control

The guidance strategy is to compute the minimum-fuel con-
trol for the approximate reduced-order trajectory and the
tracking control needed to drive the state to the optimal re-
duced-order trajectory at each guidance update and to use the
sum of the two, the composite control, to command the throt-
tle(s) and the lift. The computation of the optimal controls for
the reduced-order trajectory requires parameter optimization
to determine the optimal altitude and consequently the opti-
mal lift.

If it can be assured a priori that the minimum-fuel ascent is
along constraint boundaries, a simplified guidance strategy is
possible. At each guidance update, the active constraint is
determined, and the appropriate fast controller is used to
compute the lift required to track the active constraint (bound-
ary). The omission of the parameter optimization eliminates
the possibility of optimal switching between the two combus-
tion modes. The switch between the two modes occurs when
their thrust levels are equal. Operationally this may be prefer-
able to switching optimally, since it will eliminate discontinu-
ity in acceleration. The thrust for the active mode is always at
its maximum.

If the objective is to track constraint boundaries, it is rea-
sonable to ask why the altitude controller is not used exclu-
sively, instead of using the dynamic pressure controller to
track the dynamic pressure boundary, etc. If one were merely
interested in regulating the dynamics on the fast manifolds, all
four controllers are equally well qualified (presuming the se-
lection of stabilizing gains). In all four cases the state is driven
to the point of intersection of the fast manifold with the
optimal reduced-order trajectory on the slow manifold, the
only difference being the shape of the transients for the state
variables. Therefore, one might in that case choose the sim-
plest controller, namely, the one for the altitude.

However, since the true motion is not confined to one
particular fast manifold and one is really interested in tracking
the reduced-order solution, there are potential advantages to
the use of the alternative controllers. For an optimal ascent
trajectory that entails climbing the active constraints in se-
quence, application of the dynamic pressure, heating rate, and
axial load controllers, respectively, leads to a constant refer-
ence input for the constraint specific controller. In contrast,
the altitude controller will have a time-varying reference input.
Moreover, the accuracy with which the altitude controller
tracks a particular constraint depends on the accuracy of the



VAN BUREN AND MEASE: AEROSPACE PLANE GUIDANCE 1173

2350 T - ———
Vp = 6.345 fps

2300+ Yo =0deg
hg=75.000 ft

2250 W, = 265000 Ibf

2200
2150
2100
2050
2000
1950
0

Oth Order, Low Gain
1st Order, Low Gain

Oth Order, High Gain

DYNAMIC PRESSURE (psf)

50 100 150 200 250
TIME (sec)

Fig. 4 Nonlinear dynamic bressure tracker.

120 — =t o .
\
= 110 r
g | ISiow M Alige]
= 100}
& ! (ATtiude;
g 90
= .
-] Pt
< 80+ o
T
I
70 - : . .
0 50 100 150 200 250
TIME (see)
a) Zeroth-order approximation and low gains
110 T T T T -
1 0 5 L . . B .
g 100} [~S]ow Manifold Altitude] 1
S 95¢ : E
et Altitud
[a.] 90 titude
=
=) 85
5
2 8o}
75
70 -
0 50 100 150 200 250
TIME (sec)
b) Zeroth-order approximation and high gains
1 1 0 "’77 - T T T
105 . . ._
2 4p0 {Stow Manifold Altitude]
g
S 95 :
et : Altitude
g 90:
= 85-
=
Z 80-
//
7 5 B .
70 . —— ]
50 100 150 200 250
TIME (sec)

¢) First-order approximation and low gains
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model relating altitude to the constrained quantity. If the
constrained quantities can be measured directly, use of the
constraint controllers limits the disruptive effects of modeling
errors. Another consequence of the indirect nature of the
altitude controller in tracking the constraints and the nonlin-
earity of the problem is that a constant-gain altitude controller
regulates the dynamic pressure with varying performance
along the ascent trajectory. A dedicated constraint controller,
on the other hand, will have uniform performance, i.e., it has
automatic gain scheduling.

Nonlinear Dynamic Pressure Tracker

Figure 4 presents the responses to an initial error of ~ 10%
in dynamic pressure, applying a zeroth-order dynamic pres-
sure tracker with high and low gain, respectively, as well as a
low-gain first-order one. It is clear that the zeroth-order low-
gain dynamic pressure tracker (w, = 0.103 rad/s, { = 0.780) is
not sufficient. ‘
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Fig. 6 Values of the constraint functions along the tracked ascent
trajectory.

The poor performance in tracking the dynamic pressure is
caused by inadequate tracking of the slow manifold (Fig. 5a),
which is mainly due to inaccurate derivative information:
v, = 0. Better tracking employing the zeroth-order slow man-
ifold approximation can be obtained by increasing the gain
(w, = 1.03 rad/s, {=0.780). Clearly, the slow manifold is
now closely tracked (Fig. 5b). A more desirable alternative is
to apply the first-order slow manifold approximation with low
gain; the response is less abrupt, and larger errors can be
accommodated without running into control saturation. The
first-order approximation leads to good tracking of the slow
manifold with low gains (Fig. 5c).

Near-Minimum-Fuel Ascent by Constraint Tracking

The dynamic pressure, level axial load, and heating rate
controllers are used to guide our aerospace plane model along
the super- and hypersonic segments of an ascent trajectory. In
Fig. 6, the values of the three distinguished outputs demon-
strate the tracking effectiveness and illustrate the switching
from one constraint boundary to the next. The guided trajec-
tory is near-optimal: The performance of the constraint
tracker, compared with the full-state (OTIS) trajectory in
terms of fuel consumed up to the start of the terminal ascent
phase (M =21), is 133,921 Ibf vs 132,908 Ibf. This result can
be improved by increasing the feedback gains of the fast
controller. The computational requirements for constraint
tracking are modest.

Conclusions
Numerical solutions of the minimum-fuel ascent problem
have been presented to show the effects of dynamic pressure,
acceleration, and heating constraints and to establish a basis
for the development and assessment of guidance logic. For the
vehicle and propulsion models used, the minimum-fuel strat-
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egy is to fly along the most restrictive constraint boundary as
energy is gained using air-breathing engines. The most restric-
tive constraint shifts from dynamic pressure to acceleration
load to heating as the vehicle accelerates through the super-
and hypersonic regimes.

We approached the guidance law design problem from a
geometric perspective. After providing evidence of two-time-
scale behavior in the optimal solution, we viewed the state
space as being composed of a control-dependent slow mani-
fold and a family of fast manifolds. Near-optimal guidance
was obtained by constructing a composite control law from
the control for flying the minimum-fuel reduced-order trajec-
tory on the slow manifold and a control for tracking the op-
timal reduced-order trajectory. By employing asymptotic se-
ries to approximate the slow manifold and its associated slow
control, the optimal controls for the slow trajectory were
obtained in feedback form, except for the complication that a
parameter optimization problem must be solved at each guid-
ance cycle. Carrying out the asymptotic approximation to first
order was shown to allow smaller gains in the tracking control.
The tracking problem was solved as a family of regulation
problems corresponding to the family of fast manifolds, using
the feedback linearization methodology from nonlinear geo-
metric control theory. It was shown that any strictly mono-
tonic function of altitude can be used as a distinguished output
and leads to a linearizing state transformation-static feedback
pair. In particular, constraint trackers with automatic gain
scheduling were derived.

Simulation results showed that the composite feedback
guidance law generates a near minimum-fuel ascent trajectory
for the super- and hypersonic segments. An even simpler
strategy of using the nonlinear trackers to follow the active
constraints was also shown to produce a near-optimal ascent
for the particular vehicle model employed. Near-optimality
was verified by direct comparison with an accurate minimum-
fuel ascent trajectory that satisfies the specified orbit insertion
conditions. The computational requirements for either scheme
are modest and should be within the capabilities of the com-
puters onboard an aerospace plane.
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